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Let us consider t h e  system N :  
X' = AX + p S  , 
I-1 = @(a) , 
u = < c , x > ,  
/ 
where X = ( x . ( t ) )  i s  a var iab le  n vector,  S = (sj) and C = ( e . )  a r e  
eor,stant n vectors,  A = (a .  .) i s  a constant n x n matrix, 0 i s  a 
J J 
1 J  
scaler ,  < C, X > = cjxj , and @ ( u )  i s  i n  general  a nonlinear 
j =1 
funct ion of u. We s e t  our problem i n  an appropriate space w i t 5  
mup norm. Mult ipl icat ion by A i s  then a bounded transformation with 
su i t ab le  norm. We assume %at the  norm of S i s  1 i n  & and t h a t  the 
LOYX of C i s  a l so  1 in  t h e  dual space. We denate a l l  these  norms by 
For a system such as N, s t a b i l i t y  means t h a t  X remains bouzded f o r  
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a l l  t > 0, and asymptotic s t a b i l i t y  means t h a t  X approaches zero as t 
approaches i n f i n i t y .  We wish t o  impose conditions on J3 so  t h a t  t h e  
sys%em w i l l  be s t ab le  o r  asymptotically s tab le .  
We assume t h a t  t he  l i n e a r  system L :  
Y '  = AY + ps , 
p = h a ,  
a = < C , Y > ,  
i s  s t a b l e  whenever kl < h < k2. Note t h a t  t h i s  system can be wr i t ten  
as Y'  = BY where t h e  matrix B = (b.  .) = (aij  + h s . c . ) .  
1J 1 J  
Lemma. Consider t h e  matrix solut ion of Y '  = BY , Y(o) = I as  an 
operator on t o  tp. If a l l  of t h e  c h a r a c t e r i s t i c  roo t s  of B l i e  
-
i n  t h e  l e f t  ha l f  of t h e  complex plane, then t h e r e  e x i s t  constants a > 0 
and b > 0 such t h a t  11 Y 1 1  < ae  . -bt 
If a l l  of t h e  c h a r a c t e r i s t i c  roo t s  o f  B l i e  i n  t h e  l e f t  ha l f  of t h e  
complex plane or a s  simple roots  on t h e  imaginary axis ,  then t h e r e  e x i s t s  
a constant a > 0 such t h a t  1 1  Y 1 1  < a. 
See Bellman [2; p.361. 
L e t  us now approximate t h e  nonl inear i ty  @(IS) by a a  + 9(a)  , where 
Note t h a t  t h e  l i n e a r  system L with h = CY. i s  asymptotically s tab le ,  
and t h a t  by t h e  lemma, t h e r e  ex i s t  constants  a > 0 and b > 0 such t h a t  
Y ( t ) ,  t h e  so lu t ion  of L with h = a sa t i s fy ing  Y(o) = I, s a t i s f i e s  
-bt  I1 ~ ( t )  I I  < ae . 
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Theorem. If @(a) s a t i s f i e s  
( a  - - a 
then N i s  asymptotically s tab le .  
If @(a) s a t i s f i e s  
t.hen TJ i s  s tab le .  
Proof. N i s  equivalent t o  
Ey t h e  lemma, 
b t  
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By Gronwall s inequal i ty  [ 2 ;  Po 351, 
exponentially.  If f3 = - 1 1  X ( t )  1 1  i s  bounded. a ’  
Remarks. 1. A can have cha rac t e r i s t i c  values i n  t h e  r i g h t  ha l f  plane. Tkat 
is, t h e  system with no f e q  hback @ may be unstable. 
2. a and b depend upon a. A s  a approaches k,- or k2, 
b/a must approach zero. Further,  a - 5 2 b/a and k2 - a 2 - b/a. 
% - % =  a 
b > 2 - .  
3. 
i n t e r v a l  of s t a b i l i t y  
“, k2] (See a l s o  Aizerman and Gantmacher [ l ]  .) 
P l i s s  [61 has shown by example t h a t  one cannot expect t h e  
[ a  - b/a , a + b/a] t o  e n t i r e l y  dill t h e  in t e rva l  
4. The optimal choice of a has not ye t  been determined. 
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